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ABSTRACT
The classical gravitational force on a torus is anisotropic and always lower than Newton’s
1/r2 law. We demonstrate the effects of periodicity in dark matter only N-body simulations
of spherical collapse and standard ΛCDM initial conditions. Periodic boundary conditions
cause an overall negative and anisotropic bias in cosmological simulations of cosmic struc-
ture formation. The effect is most significant when the largest mildly non-linear scales are
comparable to the linear size of the simulation box, as often is the case for high-resolution hy-
drodynamical simulations. Spherical collapse morphs into a shape similar to an octahedron.
The anisotropic growth distorts the large-scale ΛCDM dark matter structures. We introduce
the direction-dependent power spectrum invariant under the octahedral group of the simula-
tion volume and show that the results break spherical symmetry.
Key words: methods: numerical – dark matter – large-scale structure of Universe – cosmol-
ogy: miscellaneous
1 INTRODUCTION
Cosmological N-body simulations are the principal tools to predict
non-linear structure formation at late times. Most implementations
use periodic boundary conditions to simulate an infinite universe
in finite computer memory. The torus topology has advantages: the
simulation box has a finite volume, its geometry is ideal for three-
dimensional Fourier-transforms under translation invariance. De-
spite the numerical convenience, periodic boundary conditions are
not likely to be physical, nor are supported by observations. Indeed,
the torus topology runs contrary to the Cosmological Principle that
the Universe is homogeneous and isotropic.
We show that on scales comparable to the box size the gravi-
tational force significantly differs from the free-boundary case. The
highly anisotropic force is always smaller and affects the evolu-
tion of the structures inside cosmological simulations. While ear-
lier work extensively studied the effect of finite simulation volumes
Bagla & Prasad (2006); Prasad (2007); Bagla et al. (2009), the ef-
fects of the gravitational force modified by periodicity has not been
thoroughly investigated. We show that these are significant even at
box sizes as large as Lbox ∼ 100h−1 Mpc.
The simplest way to mitigate the effect of anisotropic grav-
ity is to chose an appropriately large box size where only the
linear modes are affected throughout the simulation time. Some-
times this is not feasible due to requirements on mass resolution.
Small periodic cosmological simulations are widely used when
⋆ E-mail: ragraat@caesar.elte.hu
high resolution is needed, such as in the IllustrisTNG-50 simula-
tion Nelson et al. (2019), EAGLE simulations Schaller et al. (2015)
or in the Sherwood simulation suite Bolton et al. (2017). In this
paper, we focus on the power spectrum to quantify the effects of
anisotropic gravity induced by the periodic boundary conditions.
1.1 Gravity in periodic cosmological simulations
In a smoothed particle simulation of structure formation in an ex-
panding universe, the equations of motion take the form of
mix¨i =
N∑
j=1; j,i
mim jF(xi − x j, hi + h j)
a(t)3
− 2 · mi ·
a˙(t)
a(t)
· x˙i, (1)
where xi and mi are the coordinates and the masses of the particles,
hi and h j are the softening lengths associated with the particles and
a(t) is the cosmological scale factor. The mim jF(xi−x j, hi+h j) vec-
tor field is the force law between particles i and j, which depends
on the softening lengths and the boundary conditions. Since we are
interested in the large-scale effect of the force F(xi−x j, hi +h j), we
can neglect the effects of softening by setting h softening lengths
very small. The Newtonian gravitational field F(x) = −G·x |x|−3 of a
mass particle centered at the origin, with free boundary conditions,
is isotropic, because the magnitude of the force between two point
masses depends only on the distance between them. When peri-
odic boundary conditions are considered, Ewald summation Ewald
(1921); Hernquist et al. (1991) should be used and the formula be-
c© 2020 The Authors
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comes
F(x) =
∑
n
−G x − nL|x − nL|3 , (2)
where L is the linear size of the periodic box, and n = (n1, n2, n3)
extends over all vectors composed of integer triplets, in theory up
to infinity.
To visualize the consequences of Ewald summation, in Fig 1
we plot the difference between the force fields – with free and pe-
riodic boundary conditions – of a single mass particle placed into
the center of simulation box. An obvious consequence of Ewald
summation is that the forces are always smaller than in the free
Newtonian case, since the multiple images of the point mass act as
attractors at a distance. In addition to this, Ewald summation in-
troduces anisotropic distortions to the direction of the force that is
significant on the largest scales. For small distances relative to L,
the force law converges to the isotropic case. When the evolution of
the density distribution is followed in Fourier space, it means that,
when fluctuations are small enough so that modes evolve indepen-
dently, all modes but the ones with the largest wavenumbers are
affected by anisotropic gravity. In the regime of non-linear struc-
ture formation, however, where different modes affect each other,
incorrectly treated long wavelength modes can distort smaller-scale
fluctuations as well.
1.2 Symmetries of the simulation cube
The simulation cube has octahedral symmetry described by the full
octahedral group Oh with 48 generators: rotations and reflections..
Every v vector pointing from the center of the cube towards a spe-
cific direction can be transformed into the fundamental tetrahedron
by transformations of the Oh symmetry group and the transformed
vectors will only occupy 1/48 of the volume of the cube. This trans-
formation is realized for any v = (vx, vy, vz) vector by the following
algorithm:
(i) Calculate the |v| = v length of the vector.
(ii) Normalize the v vector to vz = 1 with the (vx, vy, vz) −→
(vx/vz, vy/vz, 1) transformation. (vz = 0 permute the elements of the
vector until vz , 0)
(iii) Take the absolute value of every component of the trans-
formed vector.
(iv) Sort the components of each vector into an ascending order.
After transformation, every v vector will point from the origin onto
the fundamental triangle of the cube. The fundamental triangle is
the face of the fundamental tetrahedron that lies on the face of the
cube. It is an isosceles triangle that, according to transformation
rules defined above, in our case lies in the x–y plane, as illustrated in
the left panel of Fig. 2. There are three notable directions inside the
fundamental triangle: the edge, the face and the corner directions
which correspond to the vertices of the fundamental triangle.
1.3 The direction-independent power spectrum
The Fourier transform of the δ(x) = ρ(x)/ρ − 1 density contrast is
defined as
δ˜k =
1
V
∫
δ(x)e−ikxd3x, (3)
where V is the simulation volume. Since the cosmological prin-
ciple postulates isotropy, the direction-independent, binned power
spectrum
P(k) =
〈
|δ˜k|2
〉
k−∆k/2<|k|≤k+∆k/2 (4)
is often sufficient to describe the statistics of matter density fluc-
tuations. The ∆k bin size for the spectrum is usually chosen as
∆k = 2π/L. The uncertainty of the power spectrum due to sample-
variance is
∆P(k) =
√
2
Nk
· P(k), (5)
where Nk = L
3k2∆k/(2π)2 is the number of modes per k-bin
(Schneider et al. 2016).
1.4 The direction-dependent power spectrum
The anisotropic nature of forces due to periodic boundary condi-
tions is expected to affect structure formation. To get a statistical
picture of this effect, we define the power spectrum that is binned
in both wavenumber and direction. Averaging over solid angles
(ranges of directions) is necessary to increase the signal. For di-
rectional binning, we transform all wave vectors into the funda-
mental tetrahedron of the simulation box and average the direction-
dependent power spectra in each cell of the fundamental triangle,
as described in Sec. 1.2.
We divide the fundamental triangle into disjoint partitions de-
noted by Ki, as shown in the right panel of Fig. 2. After the transfor-
mation of the k vectors, every vector is assigned into a Ki direction
bin. This particular tessellation was chosen to simplify computa-
tions and the number of partitions was determined such a way that
the resulting, direction-dependent power spectra had sufficiently
high signal to noise ratios.
Hence, the direction-dependent power spectrum
P(k, Ki) =
〈
|δ˜k|2
〉
(k−∆k/2<|k|≤k+∆k/2)and(kˆ∈Ki)
(6)
is calculated similarly to Eq. 4, but the averaging is done only for
k vectors that point towards the Ki direction, as defined in sec. 1.2.
The uncertainty of this quantity can be calculated similarly to eq. 5
for a singe simulation, except now Nk is the number of modes per
k-bin pointing towards the Ki direction. The is no closed formula
for Nk but it can easily be determined algorithmically.
In the following sections, we will overview the effects of
periodicity on a spherical collapse toy model, and on a series of
cosmological dark-matter-only N-body simulations.
2 SPHERICAL COLLAPSE IN A PERIODIC BOX
The gravitational collapse of a homogeneous sphere filled with
pressureless dust is an important toy model of structure formation.
In case of free boundary conditions the sphere contracts isotropi-
cally and and analytical solution exist. The solution is parameter-
ized by the angle ϑ, and can be written as
R =
R0
2
· (1 + cosϑ)
t =
tc
π
· (ϑ + sinϑ) ,
(7)
where R is the radius of the sphere, R0 is the initial radius, t is the
time, and tc =
√
3π/32Gρ is the time it takes for the sphere to
collapse from rest to infinite density (Peacock 1999).
There is no known analytical solution for spherical collapse
MNRAS 000, 1–8 (2020)
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Figure 1. Comparison between the free Newtonian and the periodic gravitational force calculated with the Ewald method. A single particle is placed at
coordinates x = L/2; y = L/2; z = L/2 coordinates inside the box with linear size L. Top: The |Fperiodic|/|Fnonperiodic| ratio. Bottom: The Fperiodic − Fnonperiodic
difference of the gravitational force fields around the particle. The length of the arrows is proportional to the magnitude of the difference between the forces.
K20
K5
Figure 2. The fundamental tetrahedra and the fundamental triangles of the
cube. Left: the fundamental tetrahedron inside the simulation volume (blue)
Right: the fundamental isosceles triangle in the x − y plane, and the 21 dis-
joint regions Ki we used in the direction-dependent power spectrum calcu-
lation. The kˆ vectors pointing towards the regions K5, K20 are called corner
and face directions respectively.
in toroidal topology to our knowledge, hence we used the pub-
licly available astrophysical and cosmological simulation code
GADGET-2 Springel (2005) to demonstrate the effects of periodic-
ity on a self-gravitating dust sphere. To be used as initial conditions,
we generated a constant resolution spherical glass with the StePS
Rácz et al. (2019) code and placed the glass at the center of the peri-
odic simulation volume. We set the density inside the sphere to 1 in
internal units and simulated the collapse inside periodic boxes with
different linear sizes L. The simulations were executed in G = 1
natural units. Because the collapse is only initially spherical and
the anisotropies of the force distort the initial shape, we defined the
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Figure 3. Collapse of a pressureless dust in torus topology. The R/R0 aver-
age radius of an initially spherical top-hat overdensity region is plotted as a
function of time in different periodic boxes. As the box size increases, the
collapse converges towards the free boundary analytic solution.
formula
R(t) =
R0
N
·
N∑
i=1
ri(t)
ri(t = 0)
(8)
to calculate the average radius of the in-falling particle distribution,
where N is the particle number, ri(t) is the distance of the i-th parti-
cle from the center of the initial sphere at time t, and R0 is the initial
radius of the sphere. The results of the simulations can be seen in
Fig 3. It is clear, that the spherical collapse is always slower in peri-
odic geometry and it converges towards the free boundary analytic
solution as the box size L increases. The same effect can poten-
MNRAS 000, 1–8 (2020)
4 G. Rácz et al.
−0.5 0.0 0.5
x/R0
−0.5
0.0
0.5
y/
R 0
L/R0=2.5
−0.5 0.0 0.5
x/R0
L/R0=4.0
−0.5 0.0 0.5
x/R0
Free Boundaries
Figure 4. Projected density at t = 0.5 in spherical collapse simulations with
the same initial sphere but different periodic box sizes L. The collapse is
highly anisotropic when the box size is close to the initial sphere diameter
2R0.
Name Nsim NParticles L[Mpc/h]
35Mpch_2M 200 2 × 106 35.0
50Mpch_2M 100 2 × 106 50.0
75Mpch_2M 100 2 × 106 75.0
100Mpch_2M 200 2 × 106 100.0
250Mpch_16M 100 1.6 × 107 250.0
Table 1. The summary of the simulation series.
Parameter value
Ωm 0.3089
ΩΛ 0.6911
Ωk 0.0
H0
[
km/s/Mpc
]
67.74
σ8 0.8159
zinitial 63
Table 2. The cosmological parameters common to all simulations. These
are based on the Planck 2015 results.
tially bias the evolution of structure, at least at the largest scales, in
cosmological simulations.
The dynamics of the collapse not only differ in speed, but the
overall shape of the initial sphere is changing too, as it can be seen
in Fig 4. This anisotropic nature of the spherical collapse in peri-
odic geometry suggests direction dependence or structure forma-
tion in periodic simulations.
3 PERIODICITY INDUCED ANISOTROPY IN
COSMOLOGICAL DARK MATTER SIMULATIONS
3.1 Small volume periodic simulations
A possible definition of a small cosmological simulation is that the
linear size of simulation box L is comparable to the scale of non-
linearity. Since small volume simulations are inherently prone to
cosmic variance of the power spectrum (Anderson et al. 2019), to
be able to see the average effects of periodicity, we run 700 comov-
ing ΛCDM N-body simulations with five different box sizes. The
parameters of the simulations are summarized in Table 1, and the
cosmological parameters are listed in Table 2. All initial conditions
were generated with the 2LPTic code with Planck 2015 cosmolog-
ical parameters Planck Collaboration et al. (2016), and all had dif-
ferent random seeds. The pre-initial conditions were periodic par-
ticle glasses generated with GADGET-2.
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x[Mpc/h]
0
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Figure 5. Logarithm of the projected density inside a simulation volume
with L = 35 h−1Mpc. The largest filamentary structures are parallel to the
axes of the simulation box at z = 0. This is a qualitatively typical case of
the emerging structures inside a small, periodic volume. See text for detailed
description.
All simulations were run with GADGET-2. The effects of
anisotropic force in the L = 35.0 h−1Mpc and in the L =
50.0 h−1Mpc series are striking even for visual inspection of the
z = 0 density fields. Filaments crossing the entire simulation cube
are often parallel to the axes and the most of the voids resemble
cuboids. A typical z = 0 density field can be seen in Fig. 5 as an ex-
ample. We will quantify these anisotropies in the following sections
in terms of the directional power spectra.
3.2 Large volume reference simulation
As a comparison to small-volume results, we also run a large,
L = 1260.0 h−1 Mpc periodic ΛCDM simulation with N = 109
dark matter particles and the same Planck 2015 parameters. When
comparing to small simulations, we made the assumption that the
anisotropic effects in the large simulation are negligible in the
wavenumber range that overlaps with the longest modes of the
small boxes. Consequently, the direction-independent power spec-
trum of the L = 1260.0 h−1Mpc simulation was used everywhere
as the reference point.
3.3 Power spectrum bias
The results of spherical collapse simulations detailed in Sec.2 and
plotted in Fig. 4 suggest that the formation of structure is slower
in smaller boxes when comparing fluctuations of the same physical
size. To quantify the bias of anisotropy-induced structure forma-
tion, we computed the averaged direction-independent power spec-
trum
P(k, L) =
1
Nsim
Nsim∑
i=1
Pi(k, L) (9)
MNRAS 000, 1–8 (2020)
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for every simulation at the z = 0 final state for each simulation
series of the same Lbox, where Pi(k, L) is the z = 0 power spectrum
of the simulation with i index and L box size. By taking the
σ2(k, L) =
1
Nsim − 1
Nsim∑
i=1
[
Pi(k, L) − P(k, L)
]2
(10)
standard deviation, we estimated the uncertainty of the averaged
directional power spectrum as
∆P(k, L) =
σ(k, L)√
Nsim
(11)
for each simulation series of the same L. The resulting average
direction-independent power spectra and the reference spectrum
from the L = 1260.0 h−1 Mpc simulation are plotted in Fig. 6.
We define the power spectrum bias as
B(k, L) =
P(k, L)
Pref(k)
. (12)
To calculate this quantity for the overlapping wavenumber bins of
the small box power spectra and the reference power spectrum, one
has to interpolate the reference spectrum onto the k grid of the small
box spectra. The reference spectrum is sufficiently smooth in the
overlapping k ranges so we used cubic spline interpolation. We fur-
ther average this quantity in the Rk = [0.3, 1.0] hMpc
−1 wavenum-
ber range to define a single scalar that represents the average bias
of all simulations with a given box size:
B(L) =
1
Nk
∑
k∈Rk
B(k, L). (13)
The wavenumber range was chosen to cover the larges overlapping
modes of the small box simulations. Fig 7 shows the average bias of
the power spectrum as a function of simulation box size. We found
that the small box bias can be fitted as a function of box size in the
form of
P(k, L) = b(L) · Pref(k), (14)
where
b(L) = 1 −
(
α
L
)3
(15)
for box sizes larger than the α value, where α is a free parameter.
The best fit value for the parameter is α = (22.35 ± 0.02)h−1 Mpc
and the best-fit curve is also plotted in Fig. 7. This fit is appli-
cable when the box size is considerably larger than the α. Ac-
cording to our fit, the anisotropy-induced bias of the direction-
independent power spectrum is less than 1 per cent for box sizes
L > 100h−1 Mpc.
One can define the scale of non-linearity by the
∆2(knl) = 1, (16)
equation, where ∆2(k) = P(k) · k3/2π2 is the dimensionless power
spectrum. From our large reference simulation, the value of this
scale turned out to be knl = 0.2165hMpc
−1. The corresponding
wavelength is λnl = 2π/knl = 29.02h
−1 Mpc, the same order as α.
This suggests that the observed bias of the small box power spectra
is indeed a non-linear effect.
Schneider et al. (2016) has found a similar but much larger
bias for a single realization of a L = 128Mpch−1 simulation. For
this box size the effect they observed was dominated by cosmic
variance.
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Figure 6. The power spectra of the reference and small box simulations
with different periodic box sizes, averaged for many simulations az z = 0.
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Figure 7. The average bias of the power spectrum with respect to the large
reference simulation as a function of the linear box size L. The average bias
was calculated in the 0.3hMpc−1 < k < 1.0hMpc−1 wavenumber range.
3.4 The direction-dependent power spectrum
The anisotropic nature of forces in periodic simulations distorts the
emerging structures and the rate of structure growth is different in
certain, preferred directions of the simulation box, as it can be seen
in Fig. 5. To get a statistical picture of this effect, we calculated
the direction-dependent power spectrum for every simulation, as
introduced in Eq.6. We partitioned the fundamental triangle into 21
disjoint Ki regions, as it can be seen in the right side of fig 2, and
calculated the
P(k, Ki, L) =
1
Nsim
Nsim∑
j=1
P j(k, Ki, L) (17)
MNRAS 000, 1–8 (2020)
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Figure 8. The ratios of the direction-dependent power spectra and the
direction-independent P(k) spectrum of the same simulation series, for four
different linear box sizes at z = 0. The spectra are averaged over directions
within the K5 and K20 regions of the fundamental triangle of the simulation
cube, corresponding to the wavenumber vectors pointing towards the corner
and face directions.
averaged direction-dependent power spectrum for all of our sim-
ulation series of the same box size L. We calculated the standard
deviation of this quantity as
σ2P(k, Ki, L) =
1
Nsim − 1
Nsim∑
j=1
[
P j(k, Ki, L) − P(k, L)
]2
(18)
and estimate the uncertainty of the average in form of
∆P(k, Ki, L) =
σP(k, Ki, L)√
Nsim
. (19)
We plot the ratio of the averaged direction-dependent power spec-
tra to the direction-independent power spectrum of the same
simulation series as a function of L · k in Fig. 8. The blue
and the orange curves show the direction-dependent power spec-
tra in the face and corner directions. The former are larger
than the direction-independent spectrum if the simulation size is
smaller than 100h−1 Mpc. This relative power excess cause that the
direction-dependent power is near to the unbiased reference power
spectrum towards certain directions.
We define the signal to noise weighted ratio of the direction
dependent and standard power spectrum as
Ai(kmin, kmax, L) =
=

1∑
kˆ∈Ki
kmin<k<kmax
1/∆A(k, Ki, L)
 ·
·
∑
kˆ∈Ki
kmin<k<kmax
1
∆A(k, Ki, L)
P(k, Ki, L)
P(k, L)

(20)
to measure the anisotropy towards the direction Ki for a given
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Figure 9. The Ai(kmin, kmax, L) value plotted on a face of the simulation
cube for the L = 35h−1Mpc, L = 50h−1Mpc, L = 100h−1Mpc and L =
250h−1Mpc simulations with kmin = 2
√
3π/L and kmax = 16 · 2
√
3π/L lim-
iting wavenumbers. The fundamental triangle (outlined with strong black
lines) was divided into 21 disjoint Ki partitions, as it can be seen in Fig 2
and repeated 8 times to give out the entire face of the simulation cube.
The relative power excess towards the face directions are significant for the
L = 35h−1Mpc and L = 50h−1Mpc simulations. For larger periodic boxes,
the signal is significantly smaller than the noise, as it can be seen in Fig. 10.
kmin < k < kmax wavenumber range, where
∆A(k, Ki, L) =
√∆P(k, Ki, L)P(k, Ki, L)

2
+
∆P(k, L)
P(k, L)

2
· P(k, Ki, L)
P(k, L)
(21)
is variance of the ratio, Nk(kmin, kmax, Ki) is the number of dis-
crete k wavenumber vectors between kmin and kmax pointing towards
the Ki fundamental triangle cell. We chose kmin = 2
√
3π/L and
kmax = 16 · 2
√
3π/L as limits on the wavenumber for every small
box simulation. Since the power spectrum is calculated at differ-
ent discrete k values depending on the kˆ direction, we used cubic
spline interpolation on the direction-independent spectrum of the
same simulation series to calculate P(k, L) at each k value. The re-
sulting Ai values can be seen plotted as a heatmap in Fig. 9 for the
Ki cells of the fundamental triangle. For better understanding the
geometry, the plot shows the fundamental triangle repeated eight
times to represent the entire face of the simulation box.
In order to take uncertainties of the power spectra into account,
in addition to Ai(kmin, kmax, L), we also define
κ2i (kmin, kmax, L) =
=
1
Nk(kmin, kmax, Ki)
∑
kˆ∈Ki
kmin<k<kmax
(P(k, Ki, L) − P(k, L))2
∆P(k, Ki, L)2
(22)
to characterize the effects of anisotropy in a given Ki direction.
Since the power spectrum appers to have the largest bias towards
the face directions, we calculated κ2
face
(kmin, kmax, L) values within
the wavenumber range kmin = 2
√
3π/L and kmax = 16 · 2
√
3π/L
MNRAS 000, 1–8 (2020)
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Figure 10. The value of the anisotropy measure κ2
face
(kmin, kmax, L) as a
function of the box size L, and the fitted function with kmin = 2
√
3π/L
and kmax = 16 · 2
√
3π/L arguments. The direction-dependent bias is only
significant in our two smallest simulation series.
range and plotted as a function of L in Fig. 10. Inspired by the fit-
ting formula Eq. 15 that we introduced for the isotropic bias, we
found that the quantity κ can be well fitted in the form of
κ2face(kmin, kmax, L) =
(
β
L
)3
+ 1, (23)
where the free parameter turned out to be β = (45.26±2.2)h−1 Mpc.
β ≃ 2α parameter thus it falls somewhat into the linear regime.
According to Fig. 10, the effect of anisotropy is significant at z = 0,
if the simulation box size is smaller than L ∼ 75h−1 Mpc.
4 CONCLUSIONS
In periodic cosmological N-body simulations, the gravitational
force is anisotropic and smaller than in the isotropic case. Our
spherical collapse simulations illustrate how anisotropic grav-
ity affects the growth of structure: collapse is initially faster in
the corner-directions of the toroidal topology. The structure then
morphs into a shape similar to an octahedron, the symmetry under-
lying the simulation box. After the subsequent non-linear collapse,
a star-like configuration emerges from complex anisotropic shell
crossing.
With cosmological initial conditions, structure formation is
less transparent. Yet, the underlying anisotropy still imprints onto
the final structures. Qualitatively, the larges the largest filaments
are likely to be orthogonal to the faces in our smallest simulations.
Since the intitial conditions we have used were isotropic, the ef-
fects we found are due to anisotropic evolution from the underlying
toroidal topology.
As a first step towards quantifying the effect, we introduced
the direction dependent power spectrum invariant under the oc-
tahedral group (Eq. 6). The results indeed display a negative
bias, and significant distortions in periodic ΛCDM simulations.
There is more power towards the faces then towards the cor-
ners, while the overall power is lower. The difference is approx-
imately 15% on the largest scales for z = 0 in a simulation box
of L = 35h−1Mpc comoving size, and it becomes sub-percent
only above L > 100h−1Mpc. Both the measured bias and the
anisotropy scales with the inverse volume of the simulation, with
scales α ≃ 22h−1Mpc, and 2α, respectively. It follows that in sim-
ulations smaller than α the effect becomes non-perturbative, there-
fore it makes no sense to run such small simulations.
We have established that both the negative bias and the
anisotropy of the power spectrum are (mildly) non-linear effects.
Indeed, linear growth of each mode depends on the Friedman equa-
tions which are also solutions in a periodic box with no fluctua-
tions, since periodicity does not matter in that case. Once modes
interact, their coupling is affected by the gravitational anisotropy.
At the same time, on scales much smaller than the simulation size,
gravity approaches the Newtonian 1/r2 law. This is why the effect
can become significant when the simulation size is comparable to
the mildly non-linear scale, ≃ 30h−1Mpc for ΛCDM at z = 0. We
verified that there is no significant effect in simulations much larger
than this scale. Note that we ran an ensemble of simulations, and
small simulations have significant cosmic variance that is larger
than the bias we observed. Nevertheless, when such effects are mit-
igated, the residual bias and anisotropy can be significant. Since
the highest-resolution hydrodynamical simulations have small sim-
ulation volumes, ray tracing in particular directions can lead to bi-
ases. Direction-dependent analysis of such simulations is left future
work.
In our first study we focused on the power, the most basic
statistical measure of large scale structure. By simple extension, it
is plausible that if the power spectrum is biased, mass functions
would be biased as well. Moreover, our spherical collapse simula-
tion suggest, given the central nature of spherical collapse in per-
turbative and non-perturbative calculations of non-linear structure
formation, that higher order statistics will be affected, including
but not limited to their directional dependence. These effects could
be investigated by calculating mass functions, stacking structures,
such as voids and halos in simulations. Such investigations are left
for future work.
The anisotropic effects due to the combination of periodic
boundary conditions with small simulation volume can be miti-
gated by using large enough simulation volumes to derive non-
periodic boundary conditions for zoom-in simulations or with
isotropic boundary conditions such as the ones used by the StePS
(Rácz et al. 2018) simulation method. Alternatively, one can evolve
a set of low resolution simulations from a set of random initial con-
ditions, and select one with the most isotropic and unbiased power
spectrum and mass function. A similar method were used in the
TNG simulation series (Pillepich et al. 2019).
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